We present a method for studying the evolution of plasma turbulence by tracking dispersion relations in the energy spectrum in the wavenumber-frequency domain.
effects, the plasma and field fluctuations show properties similar to a superposition of linear waves. This effects manifests in the associated time scales: If the typical nonlinear time scales are much greater than the typical propagation time scales of the modes, the notion of linear wave modes is valid. On the other hand, if nonlinearities can induce spectral transfer between different wavenumbers on shorter time scales than any associated propagation period of waves, the wave picture breaks down 4, 5 . Recently, plasma turbulence research focuses on the case in which the nonlinear time scales and the wave-propagation time scales are equal.
This situation is denoted critical balance 6 . Critically balanced turbulence is strong; however, it shows some wave properties rooted in the linear behavior of the plasma. One important feature of linear wave modes is their dispersion relation that associates frequencies with wavenumbers.
In this Letter, we present a method to quantify the power of fluctuations along given dispersion relations and thus to compare the contribution of normal modes with the contribution of turbulent structures that do not follow the normal-mode relations. This method is closely connected to the concept of the random-sweeping hypothesis, which describes the spectral broadening associated with large-scale advection in turbulent flows 7-9 . Since dispersion relations are significantly distinguishable at kinetic scales, hybrid simulations provide a good tool for the detailed investigation of the nature of turbulent fluctuations. The hybrid simulations by Verscharen et al. 10 have demonstrated the existence of various normal modes such as whistler and Alfvén/ion-cyclotron waves as well as ion-Bernstein modes in the ion kinetic regime in a two-dimensional geometry. We build our analysis upon similar numerical simulations of kinetic plasma turbulence in the two-dimensional domain covering the directions parallel and perpendicular to the mean magnetic field. We determine the wavenumber-frequency spectra at different times of the evolution. We analyze the fluctuation energy distributed along the dispersion relations and the spectral broadening around the dispersion relations to evaluate the accuracy of the linear-wave picture in plasma turbulence.
We perform direct numerical simulations using the hybrid code AIKEF (Adaptive IonKinetic Electron-Fluid) 11 . p . During the simulation, no additional energy is introduced to the system. This simulation setup is an extension of that by Verscharen et al. 10 . We simulate the system over a longer time so that the evolution beyond the first spectral energy transfer can be studied. p . The fluctuation energy is transported to higher wavenumbers preferentially in the direction perpendicular to the mean magnetic field, and thus the spectrum is markedly anisotropic. Most of the fluctuation energy is limited to highly oblique angles of propagation (greater than 80 degrees) and to small parallel wavenumbers,
In Fig. 2 , we show cuts of the magnetic energy spectrum for k = 0 at four time steps (300, 500, 700, and 900 gyroperiods) in the ω-k ⊥ plane. Fluctuation energy is obviously not transported to arbitrary wavenumbers or frequencies, but the spectrum exhibits a clear organization in wavenumbers and frequencies. This organized pattern represents in part the We focus on four distinct branches in the dispersion relation in the kinetic regime at
For the purpose of our quantitative analysis, we identify the following modes and use the given approximations for their particular dispersion relations: (1) a zerofrequency mode (Z) with ω = 0; (2) the first-order ion-Bernstein mode (B) approximated by ω = Ω p ; (3) the oblique whistler mode (W) approximated by a second-order polynomial 16 ,
with the coefficients a 0 = −0.148, a 1 = 1.20, and a 2 = 0.0215; and (4) an oblique Alfvén/ioncyclotron mode (A) approximated by a hyperbolic tangent curve,
with b 0 = −0.0053, b 1 = 0.6, and k 0 = 1.1. We find that the identified Alfvén/ion-cyclotron wave is well reproduced by linear Vlasov theory for propagation angles about 75 degrees.
This branch may be visible in our perpendicular analysis due to finite grid sampling as well as a misalignment of the magnetic-field direction at the grid points due to the large-scale wave field. From the theory of random sweeping 9 , we assume a Gaussian power distribution in the frequency-wavevector domain according to
where ω dp ( k) denotes the value of the frequency according to the particular dispersion relation at the given wavevector k, and σ characterizes the width of the distribution as a result Our analyses show that the wave-evolution hypothesis is a valid assumption in twodimensional low-beta plasma turbulence in the sense that dispersion relations can be identified in the energy spectrum. Dispersion relations are accompanied by frequency broadening indicating side-band waves, and the effect of broadening is significant for the treated modes.
We interpret side-band-wave components as a sign of nonlinearities. Particularly, the zerofrequency mode has a unique evolution profile among the four modes. Its contribution in We use the constant direction of the global background magnetic field as the reference direction for our analysis. Large-scale fluctuations, however, modify the direction of the background magnetic field for small-scale fluctuations. This effect leads to part of the frequency broadening in our analysis when the scale separation is large enough. This part of the broadening results from the different definitions of a local and a global background magnetic field, which can be important for the accurate understanding of plasma turbulence 19, 20 .
We are aware that the energy partition among different cascade channels of turbulence is fundamentally different in two-dimensional and three-dimensional treatments [21] [22] [23] , and that other 2D geometries (e.g., out-of-plane field) show a very different behavior from our simulation [24] [25] [26] . These previous works show that caution has to be exercised when quantifying different cascade channels in a limited geometry. Nevertheless, we have demonstrated that the effect of frequency broadening according to the random-sweeping hypothesis can be applied to turbulence simulations as a useful tool for the understanding of the turbulence evolution in a plasma. We propose that this analysis be applied to future fully three-dimensional simulations of plasma turbulence and complementary to solar-wind observations in order to gain insights into the relative importance of linear and nonlinear effects in solar-wind turbulence. 
